Existence of the plastic multiplier with L 1 spatial regularity for quasistatic and static plasticity is proved for arbitrary continuous and convex yield functions and linear hardening laws. L 2 regularity is shown in the particular cases of kinematic hardening, or combined kinematic and isotropic hardening.
Introduction
We consider rate-independent models of static and quasistatic plasticity with hardening. These models are usually stated in terms of variational inequalities of the first or second kind, for the primal and dual formulations, respectively. In the static case, the dual variational inequality can be interpreted as the necessary and sufficient optimality conditions for an underlying optimization problem which aims to minimize the energy associated with the generalized stresses Σ. In this context, the plastic multiplier can be viewed as the Lagrange multiplier associated with the admissibility constraint for the generalized stresses, Φ(Σ) ≤ 0, where Φ denotes the yield function. This interpretation of the plastic multiplier is valid in case of smooth yield functions.
The existence of the plastic multiplier in a pointwise sense, even in the case of nonsmooth convex yield functions, was shown, for instance, in [1, Lemma 4.7] . Indeed, relations analogous to ours but in a pointwise setting can already be found in [1, Section 4.2] . The purpose of this paper is to extend these results into function space. Using standard assumptions, we show that the plastic multiplier λ belongs to L 2 (0, T ; L 1 (Ω)) in the quasistatic case. The proof uses arguments from convex analysis, which can be found, for instance, in [3, 5] . Indeed, for practical models and yield functions, λ ∈ L 2 (0, T ; L 2 (Ω)) holds. For the important special cases of linear kinematic hardening (including perfect plasticity), or combined linear kinematic and isotropic hardening (including pure isotropic hardening), a proof is included in Section 3. In the case of static, or incremental, plasticity, λ ∈ L 1 (Ω) respectively λ ∈ L 2 (Ω) holds. The latter result was also shown in [2] using optimization methods.
The plastic multiplier is not only of theoretical interest but appears also in computational approaches, see, for instance, [4, 8] and [6, Section 3.4].
Problem Setting and Assumptions
We consider quasistatic plasticity with hardening in its dual variational form: Find generalized stresses Σ and displacements u satisfying Σ(t) ∈ K for almost all t, such that
hold for almost all t. The underlying domain Ω is a bounded, open connected subset of R d for some d ∈ N. We introduce the spaces for Σ and u as
A common example for V are functions with homogeneous boundary conditions on some part of the boundary ∂Ω. The bilinear forms a : T × T → R and b : T × V → R are assumed bounded. And thus they induce bounded linear operators A : T → T and B : T → V ′ . Both A and B should not depend on the time variable t ∈ (0, T ).
We assume that the yield function Φ :
is a convex, positively homogeneous and continuous function and that the set K of admissible generalized stresses can be written as
As usual,σ 0 > 0 is the initial yield stress. The feasible set K for (1.1) should depend neither on x nor t, thus we define
. We assume that a solution Σ ∈ H 1 (0, T ; T ) and u ∈ H 1 (0, T ; V ) to (1.1) exists. However, we do not require the solution to be unique. An existence and uniqueness results can be found, for instance, in [1, Theorem 8.12 ] under additional assumptions.
Statement of the Main Result
The statement of our main results makes reference to the generalized plastic strain
and to the subdifferential ∂Φ of the convex yield function Φ.
Theorem 1.1 Under the assumptions stated above, there exists a plastic multiplier
Moreover, λ(t, x) = 0 where Φ(Σ(t, x)) <σ 0 holds. In addition, it can be represented as 
Suppose moreover that the solution Σ of (1.1) is unique. We split Σ = (σ, χ) into stresses and conjugate forces and P = (p, ξ) into plastic strain and internal variables and assume that BΣ depends only on σ, i.e., BΣ = B 1 σ. This assumption is not restrictive since BΣ , u = − Ω ε(u) : σ dx holds for systems in elastoplasticity.
Under these conditions, (1.2) implies the uniqueness ofξ. Then the second row of (1.3), i.e.,ξ = λ ∂ χ Φ(Σ) shows that the plastic multiplier λ is unique. Now (1.3) implies the uniqueness ofṖ , and the uniqueness ofu follows from (1.2).
For the static plasticity problem, the variational inequality (1.1) becomes
with ℓ ∈ V ′ . A solution Σ ∈ T and u ∈ V is assumed to exist. 
Existence of the Plastic Multiplier
This section is devoted to the existence proof for the plastic multiplier λ and its L 2 (0, T ; L 1 (Ω)) regularity, as stated in Theorem 1.1. With P := −AΣ − B ⋆ u, (1.1a) reads
which is the maximum plastic work inequality. Here, · , · T is the inner product of T . This inequality is equivalent to the statemenṫ
where N K (Σ(t)) denotes the normal cone of K at Σ(t). We can thus continue to argue pointwise in time and omit the time variable for the time being.
Lemma 2.1 ( [1, Lemma 4.5] or [3, p. 186])
Let Z be a locally convex, linear topological Hausdorff space and let f : Z → R be a proper convex function. Suppose that there exist z 0 , z 1 ∈ Z such that f is continuous at z 0 and f (z 1 ) < f (z 0 ). Then the normal cone to the level set L = {z ∈ Z : f (z) ≤ f (z 0 )} at z 0 is equal to cone ∂f (z 0 ), the cone spanned by ∂f (z 0 ), which consists exactly of all nonnegative multiples of elements in ∂f (z 0 ).
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With this statement at hand we can calculate N K ( Σ) ⊂ T ′ for arbitrary Σ ∈ T . Since T is a Hilbert space, we identify it with T ′ .
Lemma 2.2 Let
We can interpret this variational inequality pointwise, see for instance [7, p.54 ] for a proof. Thus we have
for all T ∈ K and for almost all x ∈ Ω.
This implies Q(x) ∈ N K ( Σ(x)) a.e. Let us denote by A = {x ∈ Ω : Φ( Σ(x)) =σ 0 } the active set where Σ lies on the yield surface. We employ Lemma 2.1 with f = Φ and
, and we can take z 1 = 0. Note that at every x ∈ A the level set L coincides with K. We conclude that for every x ∈ A there exists a number λ(x) ≥ 0 with
This shows (2.2) on A. For x ∈ A, i.e., Φ( Σ(x)) <σ 0 , we have Σ(x) ∈ int K since Φ is continuous. Thus N K ( Σ(x)) = {0} and we can choose λ(x) = 0. Since ∂Φ( Σ(x)) = ∅, both conditions of (2.2) hold also on Ω \ A.
It remains to show λ ∈ L 1 (Ω). From Q(x) ∈ λ(x) · ∂Φ( Σ(x)) a.e. on A we obtain the variational inequality
for almost all x ∈ A. We choose T = 0 and T = 2 Σ(x) and use the positive homogeneity of Φ as well as Φ( Σ(x)) =σ 0 to conclude
a.e. on A. And thus λ coincides on A with the pointwise product of two L 2 functions while λ = 0 holds on Ω \ A. Due to the measurability of A we have λ ∈ L 1 (Ω).
We are now in the position to prove Theorem 1.1.
Proof of Theorem 1.1. We recall from (2.1) thatṖ (t, ·) ∈ N K (Σ(t, ·)) holds. The previous lemma with Q =Ṗ (t) implies the existence of λ(t, ·) ∈ L 1 (Ω) for almost all t ∈ (0, T ), , x) ) holds. Moreover, we obtain λ(t, x) = 0 where Φ(Σ(t, x)) <σ 0 , and thus alsoṖ (t, x) = 0 there. The proof of Lemma 2.2 also shows that
is valid a.e. on {(t, x) : Φ(Σ(t, x)) =σ 0 }. In fact, (2.3) holds a.e. in (0,
The proof for the static case (Theorem 1.4) is similar and therefore omitted.
Improved Regularity in Special Cases
We now turn to the proof of Corollary 1.2.
Case (a): Kinematic Hardening
In the case of kinematic hardening, the generalized stress takes the form Σ = (σ, χ), where χ is the back stress and T = S × S holds with S = L 2 (Ω; R d×d sym ). Moreover, the generalized plastic strain can be decomposed as P = (p, ξ). We assume that the set of generalized stresses does not depend on the spherical part of σ + χ, i.e., we have
As usual, σ
denotes the deviatoric part of σ. We also assume that ϕ grows linearly in all directions, i.e.,
with some c > 0, where | · | denotes the Frobenius norm of matrices. This assumption is satisfied, for instance, by the two most important yield functions, of von Mises and Tresca type. The feasibility of Σ ∈ K then implies
The particular form of Φ(Σ) = ϕ(σ D + χ D ) implies the following structure of the subdifferential:
From (2.3), we infer
Remark 3.1 Indeed, the same regularity for λ could be proved with the arguments above in the case of perfect plasticity, where Σ = σ and Φ(Σ) = ϕ(σ), provided that ϕ(σ D ) ≥ c |σ D | holds. However, the standing regularity assumption u ∈ H 1 (0, T ; V ) is usually not satisfied.
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Case (b): Kinematic and Isotropic Hardening
In the case of kinematic and isotropic hardening, the generalized stress is Σ = (σ, χ, α), where α ≤ 0 corresponds to an expansion of the yield surface. We use the space T = S × S × L 2 (Ω) here with S = L 2 (Ω; R d×d sym ). The generalized plastic strain is denoted by P = (p, ξ, γ). As before, a solution Σ ∈ H 1 (0, T ; T ) is assumed to exist. Then the generalized plastic strain P = −AΣ − B * u likewise belongs to H 1 (0, T ; T ). We assume a feasible set of the form NowṖ (t, x) = (ṗ(t, x),ξ(t, x),γ(t, x)) ∈ λ(t, x) · ∂Φ(Σ(t, x)) implies λ(t, x) =γ(t, x) ∈ L 2 (0, T ; L 2 (Ω)).
Remark 3.2 Indeed, the same regularity for λ can be proved with the arguments above in the case of pure isotropic hardening, where Σ = (σ, α) and Φ(Σ) = ϕ(σ) + α, provided that the standing regularity assumption u ∈ H 1 (0, T ; V ) is satisfied.
